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Äîêëàä ïîñâÿùåí ýôôåêòèâíîìó âû÷èñëåíèþ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà Ëàïëàñà â îáëàñòÿõ g, ñî ñìåøàííûì îäíîðîäíûì óñëîâèåì
Äèðèõëå � Íåéìàíà íà ãðàíèöå ∂g, êîòîðàÿ ñîäåðæèò âõîäÿùèé óãîë ðàñòâîðà
πβ, β ∈ (1, 2). Èñêîìûå ñîáñòâåííûå ôóíêöèè {Um} ïðåäñòàâëåíû â âèäå ïðå-
äåëîâ ëèíåéíûõ êîìáèíàöèé àïïðîêñèìàòèâíûõ ôóíêöèé èç íàáîðà {ωm}, ãäå
êàæäàÿ ôóíêöèÿ ωm òîæäåñòâåííî óäîâëåòâîðÿåò óðàâíåíèþ ∆ωm + λωm = 0 ñ
ïàðàìåòðîì λ > 0 â îáëàñòè g è êðàåâîìó óñëîâèþ íà ÷àñòè åå ãðàíèöû. Ñîáñòâåí-
íûå ÷èñëà íàéäåíû ïóòåì ðåøåíèÿ ñïåöèàëüíûõ òðàíñöåíäåíòíûõ óðàâíåíèé.
Ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ óêàçàííîé ñïåêòðàëüíîé çàäà÷è íà ïðèìåðå
íåñèììåòðè÷íîé L�îáðàçíîé îáëàñòè.

Êëþ÷åâûå ñëîâà: Ñïåêòðàëüíûå çàäà÷è, L�îáðàçíàÿ îáëàñòü, ãëîáàëüíûå àïïðîê-
ñèìàòèâíûå ñèñòåìû ôóíêöèé.
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The talk considers the issue of e�ective calculation of eigenvalues and eigenfunctions of
the Laplace operator in domains g with mixed uniform Dirichlet � Neumann condition
on its boundary ∂g, which contains a reentrant corner πβ, β ∈ (1, 2). The desired
eigenfunctions {Um} are represented as limits of linear combinations of approximative
functions {ωm}, where each function ωm satis�es the equation ∆ωm + λωm = 0 with
the parameter λ > 0 in the domain g and satis�es to the uniform boundary condition
on a part of its boundary. The eigenvalues are found by solving special transcendental
equations. We present results of solving the spectral problem using the example of a
non�symmetric L-shaped domain.

Keywords: Spectral problems, L�shaped domains, global approximative systems of
fuctions.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñïåêòðàëüíàÿ çàäà÷à:

∆U(x) + λU(x) = 0, x ∈ g, (1)

U(x) = 0, x ∈ C ∪ D, ∂νU(x) = 0, x ∈ N , (2)

â ïëîñêîé êîíå÷íîé îäíîñâÿçíîé îáëàñòè g ñ êóñî÷íî�ãëàäêîé ãðàíèöåé
∂g áåç òî÷åê âíåøíåãî è âíóòðåííåãî çàîñòðåíèÿ; ïîëÿðíûå êîîðäèíàòû
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íà ïëîñêîñòè ïåðåìåííîãî x = (x1, x2) îáîçíà÷àåì (r, φ). Äóãà C, ÿâëÿþ-
ùàÿñÿ ÷àñòüþ óãëà ðàñòâîðà πβ, β ∈ (1, 2), îïðåäåëÿåòñÿ ïî ôîðìóëå

C := C− ∪ C+, C± :=
{
r ∈ [0, r±], φ = ±πβ/2

}
, r± > 0.

Ïðåäïîëàãàåì, ÷òî D = ∪sDs è N = ∪jNj, òàê ÷òî êðèâàÿ D ∪ N
ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà ïîñëåäîâàòåëüíî ñîåäèíåííûõ
çâåíüåâ Ds, Nj; ñèìâîë ∂ν îçíà÷àåò ïðîèçâîäíóþ ïî âíåøíåé íîðìàëè â
òî÷êàõ ãëàäêîñòè N ⊂ ∂g.

Ïðåäñòàâëåííîå â äîêëàäå ðåøåíèå ñïåêòðàëüíîé çàäà÷è (1), (2) ïî-
ñòðîåíî ñ ïîìîùüþ ðàçâèòèÿ ðåçóëüòàòîâ ðàáîò [1]� [4]. Äëÿ ïîñòðîåíèÿ
ñîáñòâåííûõ ôóíêöèé Um = Um(x, λm) áóäåì èñïîëüçîâàòü àïïðîêñè-
ìàòèâíóþ ñèñòåìó ôóíêöèé

{
ωm(x, λ)

}
m∈N, îïðåäåëÿåìûõ â ïîëÿðíûõ

êîîäèíàòàõ (r, φ) ïî ñëåäóþùèì ôîðìóëàì:

ωm(x, λ) = Jm/β

(
λ1/2r

)
sin
(
m
(φ
β
+
π

2

))
, m = 1, 2, . . . , (3)

ãäå Js(ρ) � ôóíêöèè Áåññåëÿ ïîðÿäêà s, ñì. [5]. Íåòðóäíî óáåäèòüñÿ â
òîì, ÷òî ôóíêöèè ωm(x, λ), m ∈ N, òîæäåñòâåííî óäîâëåòâîðÿþò óðàâ-
íåíèþ (1) â áåñêîíå÷íîé óãëîâîé îáëàñòè g0 := {(r, φ) : r ∈ (0,∞), φ ∈
(−πβ/2, πβ/2)} è îäíîðîäíîìó óñëîâèþ Äèðèõëå (2) íà åå ãðàíèöå ∂g0:

∆ωm(x, λ) + λωm(x, λ) = 0, x ∈ g0,
ωm(x, λ) = 0, x ∈ ∂g0.

(4)

Äëÿ íóìåðàöèè ðåøåíèé {Um(x), λm} ñïåêòðàëüíîé çàäà÷è (1), (2) äà-
ëåå ìû èñïîëüçóåì ïàðó èíäåêñîâ: {Uk,n(x), λk,n}, k, n ∈ N. Áóäåì èñêàòü
Uk,n(x) â âèäå ïðåäåëà

Uk,n(x) = lim
M→∞

Uk,n(M ;x), (5)

ãäå ïðèáëèæåííûå ñîáñòâåííûå ôóíêöèè Uk,n(M ;x) èìåþò âèä ëèíåéíûõ
êîìáèíàöèé

Uk,n(M ;x) :=
∑M

s=1
as,k(M)ωs+k−1(x, λk,n(M)); (6)

ôèãóðèðóþùèå çäåñü ôóíêöèè ωm(x, λ) îïðåäåëåíû ïî ôîðìóëå (3), à êî-
ýôôèöèåíòû as,k(M) è ïðèáëèæåííûå ñîáñòâåííûå ÷èñëà λk,n = λk,n(M),
n = 1, 2, . . . , ïîäëåæàò íàõîæäåíèþ. Ó÷èòûâàÿ (4), íåòðóäíî óâèäåòü,
÷òî ëèíåéíûå êîìáèíàöèè (6) òîæäåñòâåííî óäîâëåòâîðÿþò óðàâíåíèþ
(3) â îáëàñòè g è îäíîðîäíîìó óñëîâèþ Äèðèõëå íà C ïðè ëþáûõ çíà-
÷åíèÿõ êîýôôèöèåíòîâ as,k(M). Òàêèì îáðàçîì, äëÿ ïîñòðîåíèÿ ïðè-
áëèæåííîé ñîáñòâåííîé ôóíêöèè Uk,n(M ;x) íåîáõîäèìî òàê ïîäîáðàòü
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êîýôôèöèåíòû as,k(M) è çíà÷åíèÿ λk,n(M), ÷òîáû ïðè M → ∞ ïîñëå-
äîâàòåëüíîñòü ôóíêöèé {Uk,n(M ;x)} ñòðåìèëàñü ê íóëþ íà D, à ïîñëå-
äîâàòåëüíîñòü {∂νUk,n(M ;x)} ñòðåìèëàñü ê íóëþ íà N .

Äëÿ ïîñòðîåíèÿ âû÷èñëèòåëüíîãî àëãîðèòìà ìû âûïîëíÿåì óêàçàí-
íîå òðåáîâàíèå â ïðîåêöèîííîì ñìûñëå â L2(D ∪N ). Îïðåäåëèì TU(x)
òàê, ÷òî TU(x) = U(x), x ∈ D, è TU(x) = ∂νU(x), x ∈ N . Ïðîåêòèðóÿ
TUn,k(x), ãäå Un,k îïðåäåëåíû â (6), íà ñïåöèàëüíî âûáðàííóþ ñèñòåìó
ôóíêöèé {hj,k(x)}, j = 1,M , ïðèõîäèì ê ñëåäóþùåé ñèñòåìå èçM óðàâ-
íåíèé äëÿ êîýôôèöèåíòîâ as,k(M), s = 1,M :

PM,k(λ)qk = 0, (7)

ãäå qk := (a1,k, . . . , aM,k) � èñêîìûé âåêòîð; PM,k(λ) � ìàòðèöà ðàçìåðà
M ×M , ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ïðîåêöèè ωs+k−1(x, λ) íà ïðèìå-
íÿåìóþ ñèñòåìó ôóíêöèé {hj,k(x)}, j = 1,M ; ïðèìåðû âûáîðà òàêèõ
ñèñòåì ñì. â [4].

Ñèñòåìà (7) îäíîðîäíà, ïîýòîìó äëÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíî-
ãî ðåøåíèÿ qk ïîòðåáóåì, ÷òîáû äåòåðìèíàíò ìàòðèöû PM,k îáðàòèëñÿ
â íóëü. Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùåå òðàíñöåíòåíòîå óðàâíåíèå
îòíîñèòåëüíî λ:

det PM,k(λ) = 0, (8)

ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ ïðèáëèæåííûå ñîáñòâåííûå ÷èñëà
λk,n(M). Ïîñëå íàõîæäåíèÿ êîðíÿ λk,n(M) ñ íîìåðîì n óðàâíåíèÿ (8)
ïîäñòàâèì åãî âìåñòî λ â ñèñòåìó (7), âû÷åðêíåì èç íåå ïîñëåäíåå óðàâ-
íåíèå è ïîëîæèì a1,k(M) = 1. Ðåøàÿ ïîñòðîåííóþ òàêèì ñïîñîáîì ñè-
ñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî (a2,k, . . . , aM,k), íàõîäèì êîýô-
ôèöèåíòû â ôîðìóëàõ (6).

Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ðåàëèçàöèè èçëîæåííîãî àëãî-
ðèòìà ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è íà ïðèìåðå íåñèììåòðè÷íîé L�
îáðàçíîé îáëàñòè.
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